The time-dependent Vlasov-Maxwell equations are one of the most complete mathematical equations that model charged particle beams or plasma physics problems. However, the numerical solution of this system often requires a large computational effort. It is worthwhile, whenever possible, to take into account the geometrical or physical particularities of the problem to derive asymptotic simpler approximate models, leading to cheaper simulations. In this paper, we consider the case of high energy short beams, as for example the transport of a bunch of highly relativistic charged particles in the interior of a perfectly conducting hollow tube. We then derive and analyze a new paraxial asymptotic model, that approximates the Vlasov-Maxwell equations and is fourth order accurate with respect to a small parameter η which reflects the physical characteristics of the problem. This approach promises to be very powerful in its ability to get an accurate and fast algorithm, easy to be developed.
speed of light. We need also to define characteristic basic quantities, such as the transverse and longitudinal characteristic velocities or lengths. The definition of these quantities is fundamental in the sense that they basically determine the paraxial model.
In this paper, contrarily to [7] , we introduce a transverse and longitudinal characteristic length whose ratio satisfies the same relation as the characteristic velocities. This has the advantage to coherently handle the geometrical features of the considered device, namely the hollow tube. After using asymptotic expansions, one obtained a new paraxial model, that is interesting as it is (and only if it is) simpler than the complete Vlasov-Maxwell equations, although it is an accurate approximation of it. Hence, one should get a numerical method of solutions, accurate, fast and easy to implement.
An outline of this paper is as follows. Section 1 is devoted to a presentation of the Vlasov-Maxwell system of equations, which is written after a change of variables from z to ζ = ct − z, c denoting the speed of light. We introduce in Section 2 a scaling well adapted to this model, and introduce a small parameter η = v c , where v is the characteristic transverse velocity of the particles. Section 3 is the core of the paper: we first look for asymptotic expansions of the physical quantities in power of η, and then characterize the first terms of these expansions. As a consequence, the paraxial model is derived in Section 4, where it is proved to coincide with the Vlasov-Maxwell model, up to the third order in η. A conclusion is then drawn.
The Vlasov-Maxwell model
Consider a beam of charged particles with a mass m and a charge q moving in a perfectly conducting cylindrical tube, whose axis is constituted by the z-axis. We denote by Ω the transverse section of boundary Γ , ν = (ν x , ν y , 0) denoting the unit exterior normal to the tube (see Fig. 1 ). We suppose that an external magnetic field B e confines the beam in a neighborhood of the z-axis which may be therefore chosen as the optical axis of the beam. Let x = (x, y, z) be the position of the particle, p = (p x , p y , p z ) its momentum and v = (v x , v y , v z ) its velocity. We assume that the beam is relativistic and non-collisional so that its distribution function f = f (x, p, t) in the phase space (x, p) is a solution to the Vlasov equation ∂f ∂t + v.∇ x f + F.∇ p f = 0, where p = γ mv, γ =
which can be expressed in the position-velocity phase space by ∂f ∂t
I denoting the unit tensor, and v ⊗ v the product tensor defined by (v ⊗ v) ij := v i v j . Above, F = q(E + v × B) denotes the electromagnetic force acting on the particles. The electric field E = E(x, t) and the magnetic field B = B(x, t) are solutions to Maxwell's equations
where the charge and the current density ρ and J are obtained from the distribution function f with
Recall that the pair (ρ, J) satisfies the charge conservation equation
We assume now that the beam is highly relativistic, i.e., satisfies γ ≫ 1. Since v z ≃ c for any particle in the beam, we rewrite the Vlasov-Maxwell equations in a frame which moves along the z-axis with the light velocity c. For this purpose, we set ζ = ct − z, v ζ = c − v z and we perform the change of variables (x,
. It is also convenient to introduce the transverse quantities
and to define the transverse operators
where ϕ = ϕ(x, y) is a scalar function. Similarly, for A ⊥ = (A x , A y ) denoting a transverse vector field, we set
We introduce A ⊥ defined by A ⊥ × e z = (A y , −A x ) and we readily get the following identities
Moreover, denoting by τ = (−ν y , ν x ) the unit tangent along Γ , we have the relation
Using the above notations, the Vlasov equation in the new variables can be written as
Similarly, Faraday's law and the absence of magnetic monopoles of (3), both written in the new variables become
Finally, the charge conservation Eq. (5) is expressed as ∂ρ ∂t
whereas the electromagnetic force becomes
Now, we shall write down the boundary conditions. Concerning the distribution function of the particles f , we assume that, during the time interval [0, T ] where we study the behavior of the beam, the particles which drift slowly in the direction ζ > 0, due to the change of variables ζ = ct−z, remain in a fixed geometrical domain denoted Ω×]0, Z [. In these conditions, it is natural to assume that no particle is emitted at the boundary of the domain and we shall simply write down for f
For the initial condition, we assumed that the characteristics of the beam are known, namely
where the initial distribution function f 0 is compactly supported in
Let us also write down the boundary conditions for the electromagnetic fields, which will be useful for the rest of the paper.
On the surface on the tube, i.e. for x ⊥ ∈ Γ , ζ ∈]0, Z [, since the tube is assumed to be a perfectly conducting one, we impose the perfect conductor boundary conditions which expressed that the tangential electric field vanishes, namely
On the artificial boundary at ζ = 0, we notice that the static external electromagnetic fields which exist ahead of the beam cannot be modified by the electromagnetic waves generated by the beam since they travel to the left in the variable
Assuming that there is no external electric field, these boundary conditions are written, for x ⊥ ∈ Ω, ζ = 0
Similarly, on the artificial boundary ζ = Z , we have to allow the outgoing waves to leave the domain. As we will see in the future derivations, this type of condition will have no influence on the paraxial model. Finally, the initial conditions for
Let us note some important consequences, for the sequel, of these boundary conditions. Using the definition of E and the relation between τ and ν, we first get
so that with (20), we obtain on the surface of the tube
In another way, taking the dot product of (13) and ν, and using the definition of curl ⊥ , we have
We thus obtain with (20) and (22) the following boundary condition on the surface of the tube
Similarly, integrating over Ω (14) , the second equation of Faraday's law on B z , gives
that yields, using again the perfect boundary condition (22)
Finally, integrating over Ω the divergence equation of Faraday's law (15) , and using Green's formula lead to 
In the same spirit as above, we obtain using (24), for ζ ∈]0, Z [
A scaling of the equations
The second step to derive a paraxial model is to introduce an ad hoc scaling of the equations. Assuming that we deal with a short beam, we introduce a scaling of the equations by handling the following properties of the beam: (26)
Since the particle velocities are close to c, we have |v|
Hence, v ζ appears to be of the order
and we choose w = η 2 c as a characteristic longitudinal velocity of the particles in the variable ζ and consequently w = ηv. This gives a longitudinal characteristic velocity w related to the transverse characteristic velocity v by w = ηv.
In the same way, we introduce a longitudinal characteristic dimension l ∥ different from the transverse characteristic dimension l, as the consequence of the device geometry, and satisfying the same relation, that is
In [7] , the transverse and longitudinal characteristic dimensions l and l ∥ have the same order of magnitude l ∥ = l, which does not match the geometrical features of the device. 
and choosing the scaling factors f , ρ, J, E, B, F as
we look for the dependent variables f , E, B and F as functions of the following forms:
We are able now to write down the Vlasov-Maxwell equations using these dimensionless variables. Dropping the primes for simplicity, the Vlasov equation in dimensionless variables is ∂f ∂t
where, with (9), we have γ =
On the other hand, Ampere's law and the Poisson equations (10)- (12) give
whereas Faraday's law and the absence of monopoles equations (12)- (13) are written
In the above equations, the right-hand sides n, j ⊥ and j ζ fulfill the charge conservation equation
The electromagnetic force F that we obtain has the same expression as in [7] or [15] :
(36)
We turn to the boundary conditions. The scaled distribution function satisfies the same boundary conditions. The scaled electric field E on the perfectly conducting boundary of the tube, i.e., for
In the same way, the conditions resulting from (22)-(25) are respectively written as
also for x ⊥ ∈ Γ , ζ ∈]0, Z [. Finally, we get for the artificial boundary conditions
for one side of the domain, namely x ⊥ ∈ Ω, ζ = 0, whereas for the other side of the domain, that is x ⊥ ∈ Ω, ζ = z, we get E ⊥ = 0.
An asymptotic expansion
The third step to obtain a paraxial model is to derive, from the scaled Vlasov-Maxwell equations, asymptotic expansions of the quantities f , n, j and E, B, E ⊥ , F in powers of the small parameter η, like:
Then, we replace formally in the scaled Vlasov-Maxwell equations the functions by their asymptotic expansions, and we identify the coefficients of η 0 , η 1 , etc. We begin with the Vlasov equation (29), we get:
-at the zeroth order
-at the first order
-at the second order
-finally, at the third order
As a consequence, for determining the asymptotic expansion f 
,
Hence, the asymptotic expressions of the forces (38) are entirely determined as soon as we know -the expansion of E ⊥ up to the order 2, which requires
Our aim is now to determine equations that characterize these ''required'' electromagnetic asymptotic fields.
Remark 1.
We assume the external fields (E e , B e ) to be of the order ( , we note that because
, the asymptotic expansion of E and B will formally begin with η −1 E and η −1 B.
For this purpose, we turn now to the Maxwell equations and their boundary conditions. We set
x ) for a given order i .
Zeroth order terms
At the zero order, namely for the terms in
with the boundary conditions
All these relations can be summarized by
First order terms
At the first order, namely for the terms without η (or η 0 ), we get
and
We can write the following lemma 
Proof. This is a straight consequence of the above equations by noticing that
Similarly, we can characterize the pseudo field E 0 ⊥ as follows 
Proof. Again, this is just a way of rewriting directly the above equations. Note that we find again that
Remark that up to this order, one cannot yet characterize the zero order longitudinal components E 0 z and B 0 z .
Second order terms
For the terms in η, one finds this time
We then obtain the following characterization of the zero order longitudinal components E Proof. Taking the curl ⊥ of Eq. (42), we get
that can be written as
Now deriving Eq. (49) with respect to ζ , we obtain, using that
In the same way for the magnetic field, taking the curl ⊥ of Eq. (39), we get
Here, we need to derive Eq. (51) with respect to ζ and to use that
z is independent of ζ , see above). This shows that ∂ ∂ζ 
Proof. This first equation results from Eq. (49) and from E 0 z = 0. The second is exactly Eq. (51). The boundary condition can be directly deduced from (53), recalling that on the artificial boundaries (in particular for ζ = 0), B = B e , that is B is only an external field.
Up until now, we have determined
⊥ which correspond to purely external fields.
Third order terms
We obtain the following equations for the terms with η
What we have to determine now are the components
⊥ . This is the aim of the three following lemmas. 
and satisfies the initial condition:
Proof. Taking the curl ⊥ of Eq. (50), we get together with relation (6) ∂ ∂t
Now, using the fact that (see Lemma 3.1)
one has after time derivation ∂ ∂t
Using that
one finds by differentiating with respect to ζ that ∂ ∂ζ
One then deduces that
which is the claimed equation in the domain Ω. The boundary conditions are straightforward. Proof. The proof follows the same principles as the previous one. Taking the curl ⊥ of Eq. (48), we get ∂ ∂t
Using this time the second equation of Lemma 3.1, one has after time derivation ∂ ∂t
whereas from
we get after derivation with respect to ζ ∂ ∂ζ ∂ ∂t
Using that E 0 ⊥ · τ = 0 and Eq. (57) together with relation (7), we deduce that ∂B 
Proof. It is sufficient to check the boundary condition. The relation
together with (37) written as ∂ ∂ζ
gives the result.
In order to construct the paraxial model, we need to distinguish the self consistent fields (denoted by s ) from the external ones (denoted by e ). Recall briefly that, as introduced by Vlasov, a self consistent field is a field created by all the charged particles, contrary to an external field which is chosen freely and generally imposed by an external device (magnets, accelerators, . . .). From the above characterizations, one can deduce the systems of equations satisfied by the self consistent parts of the fields. Using a decomposition of the fields into their external and self consistent parts: 
The paraxial model
Using the results of the previous section, we are now ready to introduce the paraxial model. It provides an approximation of the distribution function f which is formally fourth order accurate in η: it means that the asymptotic expansions of f in the Vlasov-Maxwell and in the paraxial model coincide up to the third order in η. We will derive this model coming back to the physical variables. First note that Deriving the first equation with respect to ζ and taking the curl ⊥ of the second, we deduce that
